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Abstract. Simple formulas are given for generating Chern-Simons basic invariant polynomials by repeated exterior differentiation for M-dimensional differentiable manifolds having 
a general linear connection. 

PACS numbers: 02.40.-k, 04.20.Fy 

This paper presents simple formulas for generating Chern-Simons basic The Chern-Simons basic invariant polynomials of such a manifold M are the 

invariant polynomials by repeated exterior differentiation for n-dimensional (2p - l)-forms Q p ((£> aQF~ 1 ) together with the 2p-forms Q p {OP) defined, 

differentiable manifolds having a general linear connection. for p > 0, by 1 



and 
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P > P h h l P -3 > P -2 >p-i 

= tr((BA£l p " 1 ) 

' >p h h >p-3 tp-2 > P -i 

= tr(a p ), 



respectively, where co a * and Q. b are the connection 1 -forms and curvature 
2-forms, respectively, of M. 

The I s ' ordinary exterior differentials of the basis tangent vectors e a of M 
at©@ven by 24 

ON de a = e t a./, (3) 

thFcontractions of which with the basis 1 -forms CO* of M are given by 

O <ffl>*. d e a > = co a * (4) 

arOi view of which the I s ' absolute exterior differentials of e are given by 



D e„ = d e a - e b to/ 
= 0, 



wwp the contractions of to with e a are given by 

O <^e a > = e 

w'fere 8 b is the Kronecker delta. 
QlQ; 2 nd ordinary exterior differentials of e a are given by 512 
d 2 e , = d d e„ 



(5) 
(6) 
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= de,co/ 

= (d e b )A(o a b + e b da) a b 
= e, (d co h + co * a co c ) 

b a c a ' 

- p o. b 

the contractions of which with co* are given by 
(co*, d 2 e„) = n* 



(7) 
(8) 



and where 



a * = dco * + C0*AC0 c 

a a c a 

= Dco fl * + co/ACO c * 

= dC0 a *-<AC0 c * 
= D CO * - CO.* A co„ c . 



The 3 rd ordinary exterior differentials of e a are given by 
d 3 e fl = dd 2 e a 
= de,n fl * 

= (d e b )A£l a b + e b dn a b 
= (e c a> b c )An a » + e b da a b 
= e c £2/Aco a * 

using Bianchi's identity for £l b , li i.e., 

Dii* = dn*-co c A£l* + co*Aii 



as well as by 



= 0, 



d 3 e a = d 2 de a 
= d 2 e,co a * 



= (d 2 e^AcoZ + e.d 2 ^,* 
= (e c ^)Aco a * + 
= e c £2/AC0 a * 
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using Poincare's theorem for scalar-valued exterior differential forms, 1415 d 4 e = d 2 d 2 e 

a a a 

Le " =6 2 e h £l b 

b a 



where a is an arbitrary scalar- valued exterior differential form. 



d 2 OC = 0, (13) 



(d 2 ejA!l>e, d 2 n » 



= (e £2, c ) a £2 * + 

The 4 ordinary exterior differentials of e a are given by 00 



= e,^ c AO*. (14) 



In general, the p ordinary exterior differentials of e a for p > are given by 
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the contractions of which with co" are given by 

«cf e„> = 
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e (f , + 1)/2 (coA£2<^- 1)/2 ), ifpisodd 
Q p/2 (Q/" 2 ), ifpiseven 
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Equation (16) then yields the formulas in question, viz., 

,,„,.,„,, the polynomial Q (OF) for p = is given by 
Q (®AQP- l ) = {(sf,d 2p - 1 e ) (17) F J ^ 5 y 

Q Q (n ) = (io a ,d e a ) 

and 

e 7 /£2") = <co fl ,d 2 "e a >. (18) = « e «> 

For an aside, note that using Eq. (18) and taking the th ordinary exterior ~ 
differentials of e a to be given by = n, (20) 

d° e a = e a , (19) where n, having appeared above, is the number of dimensions of M. 
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